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Unimodular gravity is classically equivalent to standard Einstein gravity, but differs when
it comes to the quantum theory: The conformal factor is non-dynamical, and the gauge sym-
metry consists of transverse diffeomorphisms only. Furthermore, the cosmological constant
is not renormalized. Thus the quantum theory is distinct from a quantization of standard
Einstein gravity. Here we show that within a truncation of the full Renormalization Group
flow of unimodular quantum gravity, there is a non-trivial ultraviolet-attractive fixed point,
yielding a UV completion for unimodular gravity. We discuss important differences to the
standard asymptotic-safety scenario for gravity, and provide further evidence for this scenario
by investigating a new form of the gauge-fixing and ghost sector.
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2I. INTRODUCTION
In the search for an ultraviolet (UV) complete theory of quantum gravity, it is of particular
interest to investigate classically equivalent formulations of gravity that differ at the quantum level.
Here we explore two such options, namely standard Einstein gravity and unimodular gravity. In
unimodular gravity, the determinant of the metric,
√
g, is not a dynamical variable, i.e.,
√
g = ¯, (1)
where ¯ is a constant density. Only the conformal part of the metric is dynamical, i.e., an ex-
ternal notion of local scale exists. This formulation is of particular interest for quantum gravity,
as it is equivalent to General Relativity (GR) classically, see [1], since the equations of motion
agree and each local coordinate patch of a solution to Einstein’s equations admits the introduction
of coordinates where
√
g = const. At the quantum level, both theories show crucial differences,
while both have only a massless spin-2 excitation as their propagating degree of freedom [2]. An
important motivation to consider unimodular gravity is that the cosmological constant arises as
a constant of integration in the equations of motion and not as a coupling in the action. Thus
it is not renormalized [3]. This solves the technical naturalness problem, which consists in the
question why quantum fluctuations do not set the cosmological constant to the ”natural” value
M2Planck. Note that quantum fluctuations, such as those responsible for the Lamb-shift do gravitate
in this setting, thus unimodular gravity only degravitates the cosmological constant. Furthermore,
unimodular gravity differs from GR in that the spectrum of quantum fluctuations around a back-
ground gµν differs, since (1) implies that h = g
µνδgµν = 0. Thus the quantum fluctuations that
must be integrated over in the partition function for quantum gravity differ. This can have crucial
consequences for the theory and might in particular imply, that only one of the two classically
equivalent theories, GR and unimodular gravity, exists as a quantum theory.
Quantizing unimodular gravity is possible in different ways, see, e.g., [4]: One possibility is
to impose the condition (1) in the action and the path-integral, thus reducing the dynamical
variables in comparison to GR [5]. Also the gauge symmetry consists of local-volume-preserving
diffeomorphisms, only. As a second option, the unimodular condition is implemented using a
Lagrange multiplier [6], thus keeping full diffeomorphism symmetry with the full metric being the
variable in the path-integral. Evidently the classical equivalence of the two formulations needs not
to carry over to the quantum case. Here, we focus on the first option. Possibly, the reduction in the
number of unphysical degrees of freedom that are integrated over in the path-integral could reduce
3the regularization-scheme dependence of Renormalization Group (RG) studies of the path-integral,
and thus yield more reliable results already in simpler truncations of the full space of operators.
The difference between GR and the unimodular theory becomes important already in the con-
text of an effective-field theory setting for gravity, where quantum gravity effects are treated per-
turbatively, see, e.g., [7] or in semiclassical calculations, see [8]. Here, we go a step further and
consider a UV complete theory of GR as well as unimodular gravity. In the context of a continuum
path-integral quantization of gravity, such a UV completion relies on the finiteness of running cou-
plings in the effective action. As is well-known, a perturbative treatment reveals the perturbative
non-renormalizability, not yielding a UV-complete theory, see [9–11]. This is due to the negative
dimensionality of the Newton coupling in d = 4 spacetime dimensions and implies that the Gaußian
fixed point of the RG flow is ultraviolet repulsive. In a non-perturbative context, this does not
imply the breakdown of the theory in the UV, since a nontrivial fixed point of the RG flow, if
found, yields a UV-completion for the effective theory, see [12]. In principle, this scenario can be
realized in either standard Einstein gravity or in unimodular gravity. The first option has been
studied extensively, see, e.g., [13–16] following the work in [17] and will be referred to as Quan-
tum Einstein Gravity (QEG) here, for reviews see [18–21]. Here we explore the second option,
Unimodular Quantum Gravity (UQG), for the first time.
We use the functional RG (FRG), where the Wetterich equation [22] allows to evaluate β
functions even in the non-perturbative regime, by using an infrared (IR) mass-like regulator Rk(p)
that suppresses IR modes (with p2 < k2) in the generating functional. The k-dependent effective
action Γk contains the effect of quantum fluctuations above the scale k only. Its scale-dependence
is given by a functional differential equation:
∂tΓk =
1
2
STr
(
Γ
(2)
k +Rk
)−1
∂tRk. (2)
Herein ∂t = k ∂k, and Γ
(2)
k is the second functional derivative of Γk with respect to the fields
and is matrix-valued in field space. Adding the regulator and taking the inverse yields the full
propagator. The supertrace contains a trace over all indices and summation over all fields with a
negative sign for Grassmannian fields. The FRG framework is well-tested in diverse theories; with
results agreeing with the universal one-loop β functions of dimensionless couplings, see, e.g., [23].
We apply the background field formalism [24], where the metric is split into background and
fluctuation field. In contrast to the standard linear split gµν = g¯µν + hµν , we have to adapt this
split to the unimodular setting:
gµν = g¯
κ
µe
h..
κν = g¯µν + hµν +
1
2
hκµhκν + ... (3)
4Such a non-linear split includes the unimodularity condition (1), since, imposing h = 0 on the
fluctuations ensures that detg = detg¯ to all orders in h. This departure from the usual linear split
of the metric into background and fluctuations will also imply that the spectrum of fluctuations
will change, as we will discuss below. Note that this split does not mean that we consider only
small fluctuations around, e.g., a flat background. Within the FRG approach we can also access
the fully non-perturbative regime. The background-field formalism is used in gravity, since the
background metric distinguishes ”high-momentum” and ”low-momentum” modes by the spectrum
of the background covariant Laplacian. Background-independence follows as the β functions do
not rely on any specific field configuration, excepting possible topological subtleties [25].
Within the FRG framework as applied to quantum gravity, the unimodular theory is particularly
interesting for several reasons: Firstly, within the background field formalism, the running of
background couplings receives contributions which arise from the background dependence of the
regulator function. Here, this problem is reduced as the cosmological constant is not a running
coupling, and therefore the scheme dependence of the RG flow is reduced. Secondly, since the
conformal factor is non-dynamical, the RG-scale k becomes an external parameter, as in other
quantum field theories. This is different from the setting in QEG, where k can be redefined by a
redefinition of the metric. Thus the meaning of large and small scales becomes dependent on an
auxiliary background metric, and different choices of background correspond to a different order in
which quantum fluctuations are integrated out. This differs in UQG, where an external notion of
scale exists, bringing the RG flow of UQG closer to the flows of standard matter theories. Thirdly,
the conformal-factor instability of the standard Euclidean formulation is absent, as the conformal
factor is not a dynamical variable in the path integral, see [2]. In QEG, the full quantum action
presumably contains terms beyond an Einstein-Hilbert term which could stabilize the potential.
It has been conjectured that the instability signals a non-trivial vacuum for QEG with a finite
expectation value for the conformal factor [26]. The absence of this instability in UQG implies
that the vacuum structure of QEG and UQG could differ.
II. CONSTRUCTION OF THE GAUGE-FIXING AND GHOST SECTOR OF UQG
In order to construct the Wetterich equation for UQG one must introduce a gauge-fixing term,
following the Faddeev-Popov trick. The unimodularity condition (1) implies that unimodular
gravity restricts the symmetry to transverse diffeomorphisms, for which
δDgµν = Lvgµν with Dµvµ = 0. (4)
5Note that in gravity theories which are invariant under transverse diffeomorphism only, there
appears an additional scalar mode in the linearized theory. As noted in [27], this mode is absent
in two cases: If the symmetry is enhanced to a full diffeomorphism symmetry, arriving at standard
Einstein gravity, or if the metric determinant remains fixed. Then the additional scalar, which
plays the role of the determinant, is removed from the theory.
Accordingly we cannot impose a standard linear gauge condition, such as, e.g., harmonic gauge,
since it consists of four independent conditions, whereas we can impose only three if we are to
respect the transversality of the diffeomorphism. One possibility is to simply project the harmonic
gauge onto the transversal part, [28], using a transverse projector Pµν =
1
D¯2
(
gµνD¯
2 − D¯µD¯ν
)
.
Then our background-field gauge condition reads
Fµ =
√
2
(
D¯2D¯κh
κ
µ − D¯µD¯ρD¯σhρσ
)
, (5)
such that
Sgf =
1
2α
∫
d4x ¯ g¯µνFµFν , (6)
where α is a (dimensionfull) gauge parameter, which we will later set to α = 0. We then construct
the Faddeev-Popov ghost sector as
Sgh = −
∫
d4x ¯ c¯µ g¯
µν ∂Fν
∂hαβ
LCgαβ. (7)
Crucially, since the gauge-transformations are transverse, this implies that the ghost field also
fulfills transversality: D¯µc
µ = 0. This implies that the scalar longitudinal ghost, present in QEG,
is missing from the unimodular formulation. This is in complete agreement with the intuition: If
the gauge-symmetry is smaller, then fewer ghost fields need to be introduced into the theory to
cancel the effect of non-physical metric modes.
Inserting the gauge condition (5) we finally arrive at:
Sgh = −
∫
d4x ¯ c¯µ g¯
µν
(
D¯2D¯αg¯βν + D¯
2D¯β g¯αν
−D¯νD¯αD¯β − D¯νD¯βD¯α
)
gρβDαc
ρ. (8)
We use a York decomposition of the fluctuation field
hµν =h
TT
µν + D¯µvν + D¯νvµ + D¯µD¯νσ −
g¯µν
4
D¯2σ +
g¯µν
4
h. (9)
Here D¯µhTTµν = 0, g¯
µνhTTµν = 0 and D¯
µvµ = 0. We redefine vµ → (−D¯2− R¯4 )−1/2vµ and exponentiate
the g¯µν-dependent Jacobians resulting from the decomposition and redefinition [13] using auxiliary
Grassmann fields.
6Here we will also explore a new gauge-fixing sector of QEG for the first time. Usually, a covariant
gauge condition corresponding to four independent conditions is chosen. To clearly highlight the
differences between UQG and QEG, we choose a different route here: Using the same gauge-fixing
of the transversal diffeomorphisms in UQG and QEG, see (5) with a dynamical density
√
g, we are
left with one further (scalar) gauge-fixing function to choose in QEG, which we take to be F = h.
Thus the additional piece of the gauge-fixing for QEG reads
Sgf 2 =
1
2α2
∫
d4x
√
g¯ F 2, (10)
where α2 is a second gauge parameter. This choice brings QEG as close to UQG as possible, since
it enforces trace fluctuations in the path-integral to vanish. The crucial difference between UQG
and QEG is that in UQG these fluctuations are absent from the path integral for any choice of
gauge, whereas in the case of QEG we could also choose a different gauge that would keep the
trace fluctuations. Note that although the fluctuations h do not contribute to the RG running,
they still leave an imprint in the QEG case: The gauge-fixing induces a Faddeev-Popov ghost term
with scalar ghosts reading
Sscalar gh = −
∫
d4x
√
g¯ ξ¯ D2ξ. (11)
III. RG FLOW IN QEG AND UQG
Our full truncation reads
ΓkUQG = −2ZN κ¯2
∫
d4x ¯R+ Sgf + Sgh, (12)
in the case of UQG and with chief differences for QEG:
ΓkQEG =−2ZN κ¯2
∫
d4x
√
g R+ Sgf + +Sgf 2 + Sgh + Sscalar gh. (13)
Herein ZN is a wave-function renormalization for the graviton, and κ¯
2 = 132piGN . We define a
dimensionless Newton coupling G = GNk
2
ZN
. In more detail, the gauge-fixing and ghost action of
the two theories is given by (6) and (8) in the unimodular case and with the additional terms (10)
and (11) for QEG.
There are three crucial differences between the quantum fluctuations driving the RG flow in
QEG and UQG: Firstly, the trace of the metric fluctuations is not a dynamical degree of freedom
due to the unimodularity condition: Since
√
g = const, gµνδgµν = h = 0. Thus its quantum
fluctuations are not integrated over in the path integral. In the case of QEG, the exclusion of
7h from the path-integral is a valid choice of partial gauge, but introduces an additional scalar
ghost field which is absent in UQG. Secondly, the propagator for the graviton does not receive
contributions from fluctuations in the volume factor
√
g: In QEG, a contribution
(δ2
√
g)R ∼ −hµνhµνR, (14)
arises, which is absent for UQG, simply because
√
g = ¯ in this case. We will call this effect the
absence of volume fluctuations.
Thirdly, the non-linear split (3) of the metric into background and fluctuation implies that the
variation of the Ricci scalar changes: This is simply due to the fact, that δ2gµν = hµκhνκ, whereas
in the linear split, this differs by a factor of 2. The second variation of the Christoffel symbol also
differs for the two cases, but this difference does not enter the second variation of the Ricci scalar,
which in d dimensions reads∫
x
δ2R (15)
=
∫
x
(
ζhµκh
κνRµν − hµκhµκ R
d(d− 1) + ζh
2 R
d(d− 1) − h
κ
µDκDσh
µσ +
1
2
hµνD
2hµν + ζ
1
2
hD2h
)
,
where we have discarded total derivatives and have inserted a spherical background. For ζ = 1
this yields the standard variation of R for the linear split gµν = g¯µν + hµν , whereas ζ = 0 yields
the unimodular case, where the fluctuations are traceless and are related to the full metric through
(3).
In the following we show our results for UQG and QEG. For the RG flow of G, we specialize
to a spherical background, where the eigenvalues of the Laplacian are known exactly [29]. Note
that since
√
g = const is a valid choice of coordinates in General Relativity, this implies that the
gauge-invariant eigenvalues of the Laplacian do not differ in unimodular gravity. We can then
evaluate the trace over the spectrum of fluctuations on the right-hand side of the flow equation by
a direct summation over the eigenvalues of the Laplacian, employing the Euler-MacLaurin formula.
We employ a regulator of the form Rk =
(
Γ
(2)
k (k
2)− Γ(2)k (−D¯2)
)
θ(k2 − (−D¯2)), [30], which we
impose directly on the eigenvalues of the covariant Laplacian, which are being summed over on the
right-hand side of the flow equation. This yields the following, evidently nonperturbative result
for βG = ∂tG:
βGUQG =2G+G
2 3
(
1300− 309√13− 325√17)
936pi − 1625G , (16)
βGQEG =2G+G
2 2
(
9763− 3708√13− 975√17)
3744pi − 650G . (17)
8-1 1 2 3
G
-3
-2
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FIG. 1. We show the β functions for the Newton coupling in UQG (green thick line) and QEG (blue dashed
line).
Obviously, both β functions agree in the perturbative regime, see fig. 1, as they have to due to
the dimensionality of GN , which stipulates ∂GβG|G=0 = 2.
Interestingly, both β functions show a further, interacting fixed point, which is UV attractive
in both cases. Thus we find the first indication that UQG could indeed exist as a UV complete
quantum theory of gravity. The critical exponent governing the approach to the non-Gaußian fixed
point at G∗UQG = 0.876 in UQG, reads
θUQG = −∂βGUQG
∂G
∣∣∣
G=G∗UQG
= 3.878, (18)
corresponding to a UV attractive direction.
We also find further evidence for asymptotic safety in QEG, as we find an interacting fixed
point at G∗QEG = 2.65 with critical exponent −∂βGQEG∂G |G=G∗QEG = 2.341, lying in the range which
is observed for this universal quantity in other schemes, see, e.g., [15, 20]. Removing the RG
improvement on the right-hand side of the flow equation, i.e., disregarding the terms ∼ ηN arising
from our choice of regulator, the fixed point persists, with numerical changes in its value.
Let us discuss several approximations to the full β function, in which the fixed point persists
in both cases, which can be read as a sign of stability, and suggests that the fixed point should
9persist beyond our truncation.
Firstly, we can disregard the terms ∼ ηN , that arise on the right-hand-side of the flow equation
due to our choice of regulator. In that case, the fixed point persists, with numerical changes in its
value and the critical exponent.
Furthermore, we observe that the only mode not affected by our choice of gauge is the transverse
traceless mode. In other words, a different choice of gauge would change the propagators of the
other modes, and therefore their contribution to βG, but not that of the TT mode. This observation
suggests to study a scenario, where all modes but the TT mode are actually dropped from the flow
equation, which has been dubbed the ”TT-approximation” in [33]. In this setting, the fixed point
actually persists with only small numerical changes: G∗UQG = 0.93 and θUQG = 4.135.
In the case of QEG, the changes are slightly larger, with the fixed point in the TT-approximation
at G∗QEG = 5.41 and a critical exponent of θQEG = 2.85. The fact that the change in the case of
unimodular gravity is smaller could be understood from the observation that due to the reduction
in the symmetry from full diffeomorphisms to transverse diffeomorphisms, a smaller portion of the
fluctuation modes is actually unphysical in this case. Therefore the effect of leaving out some of
these modes by going to the TT approximation is smaller in the case of UQG.
The difference between UQG and QEG relies on the off-shell character of quantum fluctuations,
as the spectrum of quantum fluctuations agrees on shell: The information on the sign of the fixed
point is present in the transverse traceless component of the propagator, which agrees if evaluated
on shell where R = 0, since Γ
(2)
k TT ∼ −D2 +R 3ζ+16 , where ζ = 1 for QEG and ζ = 0 for UQG. It is
actually interesting to trace the effect of the absence of volume fluctuations and the difference of
(3) to the standard case: Discarding the volume fluctuations actually leads to a change of sign for
the above coefficient of the R term, and does indeed result in a β function with a fixed point at
G∗ < 0. Taking into account the additional difference in the spectrum of quantum fluctuations that
arises due to (3) then yields a positive coefficient and a positive fixed-point value. Note also that
this analysis is in full accordance with the recent ideas of paramagnetic dominance in asymptotic
safety [31]: The difference in the sign of the fixed-point value can be traced back to the change
of sign in the curvature-dependent (”paramagnetic”) term in the propagator for the transverse
traceless graviton mode.
It is interesting to observe that the unimodular modes also carry information about a non-
trivial fixed point in gravity, as does the conformal mode. The present study complements previous
explorations of QEG in settings with reduced degrees of freedom, see, e.g., [32, 33].
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IV. CONCLUSIONS
Here we have examined unimodular gravity and GR, which are classically equivalent, but show
crucial differences in the quantum theory: Firstly, the cosmological constant is not renormalized
in UQG which solves the technical naturalness problem. Secondly, the spectrum of quantum
fluctuations differs in the two theories, yielding crucial differences in the RG flows. We have
discussed how to set up an RG equation for the unimodular case, where the gauge-fixing and ghost
sector has to be adapted to respect the unimodularity condition (1). We find that within a simple
truncation of the RG flow both theories show an interacting fixed point for the Newton coupling
and are therefore asymptotically safe. This is the first evidence that UQG could indeed exist as
a UV complete theory. We also provide further evidence for asymptotic safety in QEG, as we
investigate a new gauge fixing.
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